Abstract. Idempotent states on locally compact quantum semigroups with weak cancellation properties are shown to be Haar states on a certain sub-object described by an operator system with comultiplication. We also give a characterization of the situation when this sub-object is actually a compact quantum subgroup. In particular we reproduce classical results on idempotent probability measures on locally compact semigroups with cancellation.
Introduction
Idempotent measures on locally compact groups are a classical topic on the intersection of probability theory and harmonic analysis. The book of Heyer [13] contains a detailed account of the progress on characterization of idempotent measures on more and more general classes of groups ([13, Page 79]). The final result which in its most general form is due to Kelley ([17] ) and was earlier proved by Rudin, Cohen (for abelian locally compact groups [27, 8] ) and Kawada and Itô (for compact groups [16] ) states that a probability measure µ on a locally compact group G which satisfies µ ⋆ µ = µ must necessarily arise as the Haar measure of a compact subgroup of G. We will refer to this result as the Kawada-Itô-Kelley theorem.
Quite early in the development of the theory of compact quantum groups it was noticed by Pal in [23] that the analogous result is not true for compact (and even for finite) quantum groups. Pal provides an example of an idempotent state on the Kac-Paljutkin quantum group ( [14] ) which does not come from a quantum subgroup (it is easy to see that also the dual of any finite group with a non-normal subgroup will provide an example of such a state).
Soon it was realized that the set of idempotent states on a given locally compact quantum group G behaves in a way analogous to the set of all compact quantum subgroups of G. This idea was pursued e.g. in [3, 12] for finite quantum groups and in [15] for all locally compact quantum groups.
The aim of this paper is to extend [12, Theorem 4.4 ] to objects which we call quantum semigroups with weak cancellation. In particular this class contains all locally compact quantum groups.
Theory of idempotent measures on a locally compact semigroups was developed in a number of papers, see e.g. [26] , [32] and culminates in [21] . The latter contains the following structural characterization of idempotent measures: let S be a locally compact semigroup and ω ∈ C 0 (S) * an idempotent state with the support S ω ⊂ S. Then S ω is a closed subsemigroup and there are locally compact spaces X, Y equipped with Borel probability measures µ X and µ Y , a compact group G, a map φ : Y × X → G such that:
• S ω can be identified with X × G × Y with product in the latter semigroup is defined by (x 1 , g 1 , y 1 )(x 2 , g 2 , y 2 ) = x 1 , g 1 φ(y 1 , x 2 )g 2 , y 2 ; • under the above identification ω is of the form µ X × µ G × µ Y , where µ G is the Haar measure on G. Note that if S has cancellation laws then X and Y must be singletons. In particular the support of ω is a compact subgroup of S and ω is the Haar measure on it. It follows that the obvious version of Kawada-Itô-Kelley theorem holds in this case.
In our work we study idempotent states on locally compact quantum semigroups satisfying the analogs of cancellation laws. Although we formulate a relatively weak condition implying compactness of the support of such an idempotent state (cf. Proposition 4.1), we were not able to prove this compactness in general.
The next definition uses the notion of a "quantum space" defined as an object of the category dual to the category of C * -algebras with morphisms of C * -algebras (see Section 2) as morphisms. In this language the phrase "let X be a quantum space" has exactly the same meaning as "let C 0 (X) be a C * -algebra". The tensor product of C * -algebras and more generally of operator systems is the minimal one throughout the paper. Definition 1.1. A quantum semigroup is a quantum space S such that the C * -algebra C 0 (S) is equipped with ∆ S ∈ Mor(C 0 (S), C 0 (S) ⊗ C 0 (S)) which is coassociative i.e.
If S is a quantum semigroup then the Banach space C 0 (S) * can be equipped with a Banach algebra structure provided by the convolution product, i.e. the map
In particular an idempotent state on S is by definition a state ω ∈ C 0 (S) * such that ω ⋆ ω = ω. In what follows we will also use the standard C 0 (S)-bimodule structure on C 0 (S) * given by
There are also the operations of convolution of elements of C 0 (S) * and C 0 (S) defined by
(see Section 3). Definition 1.2. Let S be a quantum semigroup. We say that S (1) has weak cancellation if for any non zero µ ∈ C 0 (S) * the sets
are linearly strictly dense in M(C 0 (S)), (2) has proper cancellation if the sets
are contained and linearly norm-dense in C 0 (S) ⊗ C 0 (S).
The definition of weak cancellation laws was first given by G.J. Murphy and L. Tuset in [22, Section 2] in the context of compact quantum semigroups. They also proved that for compact quantum semigroups these cancellation laws were equivalent to proper cancellation laws. Note also that for general locally compact quantum semigroups proper cancellation obviously implies weak cancellation.
Let us comment that quantum semigroups with proper cancellation were referred to "bisimplifiable Hopf C * -algebras" in [4] and were called "proper C * -bialgebras with cancellation property" in [20] . This class includes quantum semigroups given by (C 0 (G), ∆ G ) for all locally compact quantum groups as well as those defined by (C are injective, so the images of the associated morphisms Φ L , Φ R ∈ Mor(C 0 (S) ⊗ C 0 (S), C 0 (S) ⊗ C 0 (S)) are strictly dense (cf. [9, Theorem 1.1]) in M(C 0 (S) ⊗ C 0 (S)). Since these images are precisely the closed linear spans of
and for any µ ∈ C 0 (S) * we have
Thus we see that if S has cancellation and µ = 0 then the sets (1.1) are linearly strictly dense in M(C 0 (S)). Conversely, assume that S does not have cancellation (e.g. from the right) so that there exists x, x ′ , y ∈ S such that x = x ′ and xy = x ′ y. Taking µ equal to the evaluation functional at y we have
so the strict closure of (g ·µ)⋆f f, g ∈ C 0 (S) is contained in the subspace of bounded continuous functions which attain the same value at x and x ′ .
The property of having proper cancellation is certainly stronger then weak cancellation, since for a classical semigroup S it implies that the canonical maps (1.2)
are proper which need not be the case for general semigroups with cancellation. Indeed, a counterexample is provided by the locally compact semigroup ]0, +∞[ with addition which has cancellation, but whose canonical maps are not proper.
The main result of this paper is that an idempotent state on a quantum semigroup S with weak cancellation which has compact support (cf. Section 2) is in a canonical way the Haar state on a rather primitive sub-object of S which carries the structure of a proto-compact quantum hypergroup: Definition 1.4. A proto-compact quantum hypergroup is described by a triple (X, ∆ X , h X ) consisting of an operator system X, a coassociative completely positive unital map ∆ X : X → X ⊗ X and a faithful state h X on X which satisfies
We refer to h X as the Haar state.
1 Definition 1.4 is motivated by the definition of a compact quantum hypergroup proposed by Chapovsky and Vainerman in [7] . The sophisticated structure of compact quantum hypergroups (see [7, Section 4] ) emphasized in that paper does not seem to be relevant to questions pertaining to idempotent states (cf. [12, Remarks after Proposition 1.10]).
In somewhat imprecise terms we can state that any idempotent state on a quantum semigroup S with weak cancellation which has compact support is the Haar state on a "sub-proto-compact quantum hypergroup". One needs to stress the fact that representation of a given compactly supported idempotent state ω on a quantum semigroup with weak cancellation S is not unique, since it is particularly easy to represent ω e.g. as the Haar state on a trivial proto-compact quantum hypergroup (see Section 4). This point was already addressed in [12, Section 1] and following the ideas of [12] we also construct an appropriately universal representation in Section 4.
In Section 5 we characterize the situation when the given idempotent state is of Haar type, i.e. it is the Haar measure on some compact quantum subgroup of S. 
Preliminaries
Throughout the paper we will be using the language of C * -algebras and von Neumann algebras. We refer e.g. to [25, 31] . Additionally we will need some theory of operator systems, completely positive and completely bounded maps which can be found e.g. in [24] . Let us also state that we will be using exclusively the minimal tensor product of C * -algebras and operator systems. Much attention will be paid to multiplier algebras, strict topology and morphisms of C * -algebras as defined in [34, Section 0] (cf. also [19] ). More precisely if A and B are C * -algebras then the set of morphisms from A to B denoted Mor(A, B) is the set of * -homomorphisms Φ : A → M(B) which are non-degenerate, i.e. the strict closure of the range of Φ contains 1 ∈ M(B). All such maps extend canonically to M(A) and it is well known that the extensions are strictly continuous on bounded sets ([19, Proposition 2.5]). However, as explained in [28, Section 2] a linear map from a C * -algebra to a locally convex space is strictly continuous if and only if it is strictly continuous on bounded sets (by [33, Corollary 2.7] ). Similarly any bounded linear functional ϕ on a C * -algebra A extends to a strictly continuous functional on M(A) (also denoted by ϕ) and slice maps (id ⊗ ϕ) and (ϕ ⊗ id) also extend to strictly continuous maps
The extensions of various kinds of maps from a C * -algebra A to its multiplier algebra have also a very useful picture drawn in terms of the second dual of A. More precisely let A be a C * -algebra. It is well known that A * * is a von Neumann algebra isomorphic to the strong closure of the image of A in a universal representation (i.e. any faithful representation in which every continuous functional on A is normal, cf. [25, Section 3.7] ). The canonical embedding A ֒→ A * * is then a non-degenerate * -homomorphism and one can identify M(A) with a subset of A * * as follows
Now elements of A * are normal functionals on A * * and as such can be readily applied to M(A). The universal property of A * * is that any * -homomorphism from A to a von Neumann algebra has the normal extension to A * * (see [25, Proposition 3.7.7] ). Slice maps also have a good description in terms of A * * . Indeed, the tensor product of the universal representations of A is a faithful representation of A ⊗ A on a Hilbert space whose strong closure is A * * ⊗ A * * . It follows that M(A ⊗ A) can be canonically identified with a subset of A * * ⊗ A * * (the image of the extension of the representation of A ⊗ A under consideration to the multiplier algebra).
The above remarks allow us to use a number of formulas involving elements of A, M(A), A * * as well as A ⊗ A, M(A ⊗ A) and continuous linear functionals on A. For example we have
Let us now recall the notion of a compact projection in the second dual of a C * -algebra ([1] see also [2, 5] ). So let A be a C * -algebra. A projection q ∈ A * * is called open if q is a strong limit of elements of A ⊂ A * * . A complement 1 − q of an open projection is by definition a closed projection. Finally, a closed projection p ∈ A * * is compact if there exists an element x ∈ A + such that xp = p. In this case one can take x to be of norm 1.
Idempotent states
Let S be a quantum semigroup. As already mentioned in the Introduction the space C 0 (S) * is naturally a Banach algebra under the convolution product :
and a state ω on C 0 (S) is called idempotent, if it satisfies ω ⋆ ω = ω. Note that if S does not have proper cancellation (at least from the right) then µ ⋆ a does not necessarily belong to C 0 (S), but only to M(C 0 (S)). Still the mapping
is strictly continuous and extends to a strictly continuous map M(C 0 (S)) → M(C 0 (S)). If µ is positive then it is completely positive and if µ is a state then it is unital. Finally if ω is idempotent then the map a → ω ⋆ a is idempotent. This is part of the proof of the following proposition which extends to quantum semigroups with weak cancellation [29, Lemma 2.5] earlier proved for compact quantum groups in [10] . Our conventions are slightly different and the proof of [10, Lemma 3.1] is only available in the extended electronic version of that paper [11] . We have therefore decided to include most of the steps in our slightly more general version.
Proposition 3.1. Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state. Then the ranges of the maps
Proof. We will only prove that for any a ∈ M(C 0 (S)) the element ω ⋆ a is in the multiplicative domain of ω. The fact that a ⋆ ω is then also in the multiplicative domain of ω follows from the fact that ω is also an idempotent state on S op , i.e. the quantum semigroup S with opposite comultiplication.
Exactly as in [11, Proof of Lemma 3.1] take first b ∈ C 0 (S) and put y = b ⋆ ω. Then
and by conjugation also (ω ⊗ ω)
Hence, by Choi's Cauchy-Schwarz inequality ([24, Proposition 3.3]), for any a, c ∈ C 0 (S)
Returning to b we can rewrite this as
Now the weak cancellation (from the right) asserts that the set (ω · a) ⋆ b a, b ∈ C 0 (S) is linearly strictly dense in M(C 0 (S)), so we find that ω ⋆ (ω · c) = ω(c)ω for all c ∈ C 0 (S) and hence, by strict continuity
(3.1) Similarly, using weak cancellation from the left we show that
Using (3.2) we repeat the following elements of the proof of [29, Theorem 2.5]: take any a, b, c ∈ C 0 (S). Then
Now by strict continuity we can replace (b ⊗ c) by any element of M(C 0 (S) ⊗ C 0 (S)). Taking this element to be ∆ S (x) for some x ∈ C 0 (S) we obtain
Using this with x = a * and with help from (3.2) we obtain
and upon substituting a * for a also ω (ω ⋆ a)(ω ⋆ a) * = ω(ω ⋆ a)ω(ω ⋆ a). By [24, Theorem 3.18] this guarantees that ω ⋆ a is in the multiplicative domain of ω.
Kawada-Itô-Kelley theorem for quantum semigroups with weak cancellation
Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state. Clearly ω defines a normal state on the von Neumann envelope C 0 (S) * * of C 0 (S) which we will denote by the same symbol. The left kernel N ω of this state, i.e. the set
is a weak * -closed left ideal and hence there exists a unique projection p ω ∈ C 0 (S) * * such that N ω = C 0 (S) * * p ω . This projection is the weak * -limit of any left approximate unit for the left ideal 
We will refer to p ⊥ ω as the support of ω. Note that in particular we have p
Our standing assumption is that the support of ω is compact. We do not know whether this assumption is at all restrictive because we do not know a single example of an idempotent state whose support is not compact. We can prove that the support of an idempotent state is compact in many cases including the case when the quantum semigroup under consideration has proper cancellation (for example it is a locally compact quantum group). This is a corollary of the following proposition: Proposition 4.1. Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state. Assume that there is a positive element e ∈ C 0 (S) such that ω(e) = 1 and ω ⋆ e ∈ C 0 (S). Then p ⊥ ω is compact. Proof. By Proposition 3.1 for each e ∈ C 0 (S) the element ω ⋆e belongs to the multiplicative domain of ω and obviously ω(ω ⋆ e) = ω(e). For every z ∈ C 0 (S) * * we have
It follows that z − z(ω ⋆ e) ∈ N ω , which proves that
Since ω ⋆ e ∈ C 0 (S) we see that p ⊥ ω is a compact projection. Remark 4.2. Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state.
(1) As we noted before Proposition 4.1 if S has proper cancellation then for any e ∈ C 0 (S) we have ω ⋆ e ∈ C 0 (S). In particular if S = G or S = G u for a locally compact quantum group G then p ⊥ ω is a compact projection. (2) The fact that the support of an idempotent state on a quantum semigroup with proper cancellation is always compact can be considered a simple Kawada-Itô-Kelley type result. 
In what follows we will denote the operator system p ⊥ ω C 0 (S)p ⊥ ω by X ω . Our next aim is to define a comultiplication on X ω . For this let us recall that M(C 0 (S) ⊗ C 0 (S)) can be identified with a subset of C 0 (S) * * ⊗ C 0 (S) * * . Therefore we can consider the normal extension of the * -homomorphism ∆ S : C 0 (S) → M(C 0 (S) ⊗ C 0 (S)) to a normal unital * -homomorphism C 0 (S) * * → C 0 (S) * * ⊗ C 0 (S) * * . We will denote this extension by ∆ * *
. Clearly ∆ * * C0(S)
= ∆ S and moreover if ω ∈ C 0 (S) * is an idempotent state then by strong density of C 0 (S) in C 0 (S) * * we also have 
to X ω has its range in X ω ⊗ X ω and ∆ ω is unital, completely positive and coassociative.
Proof. Clearly (4.2) is a completely positive map. In order to prove the properties of ∆ ω we will first show that
3) To that end consider the positive element (id ⊗ ω)∆ * * (p ω ). We have
Since this holds for all positive µ, we obtain (p 
and the last element belongs to X ω ⊗ X ω . It follows that ∆ ω (X ω ) ⊂ X ω ⊗ X ω and that it is completely positive and unital.
The coassociativity of ∆ ω follows now again from (4.3): for a ∈ C 0 (S) we have
where the last equality is obtained by reversing all previous steps.
Remark 4.5. Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state with compact support p ⊥ ω . In Theorem 4.4 we have shown that there is a comultiplication ∆ ω : X ω → X ω ⊗ X ω . The proof also shows that there is a natural formula
One can show that this formula defines a map on X ω even without the assumption that p ⊥ ω be compact. 
Proof. It is clear that h ω is faithful, so we only need to prove that it is invariant, i.e.
To prove right invariance we note that first that for any a ∈ C 0 (S) we have
because a ⋆ ω is in the multiplicative domain of ω (Proposition 3.1). This means that
and consequently
Using (4.5) and Remark 4.5 we compute:
This proves right invariance of h ω . Left invariance is proved similarly.
Interestingly the following "converse" of Theorem 4.4 holds: Proposition 4.7. Let S be a quantum semigroup with weak cancellation and let ω ∈ C 0 (S) * be an idempotent state. Denote by p ⊥ ω ∈ C 0 (S) * * the support of ω and
is a compact projection if and only if there exists e ∈ C 0 (S) such that ω(e) = 1 and
Suppose conversely that there exists e ∈ C 0 (S) such that ω(e) = 1 and (4.6) is satisfied. Applying (id ⊗ ω) to (4.6) we get p 
state, so our considerations so far establish that all idempotent states on C 0 (S) arise as Haar states on sub-proto-compact quantum hypergroups of S.
The role of the particular realization of ω through π ω as described above is summarized in the next theorem. 
Proof. Let a ∈ ker π ω . By [2, Proposition 4.4] we have a = b + c, where b, c * ∈ C ω and we recall that 
x x r r r r r r r r r r M n ⊗ Y is commutative.
2 In order to see that id ⊗ π Y : M n ⊗ X ω → M n ⊗ Y is a contractive map for every n > 1 it is enough to note that the left kernel of id ⊗ π ω : 
Finally to prove (4.8) we apply π
• π ω , so we can cancel the surjective π ω on both sides obtaining (π
Idempotent states of Haar type
Let S be a quantum semigroup and let ω ∈ C 0 (S) * be an idempotent state. The results of Section 4 say that at least if S has weak cancellation and ω has compact support (cf. Proposition 4.1) then ω factorizes through a proto-compact quantum hypergroup and this factorization may be chosen to have the universal property described in Theorem 4.8. It is natural to distinguish those idempotent states which factor through a compact quantum subgroup of S: Definition 5.1. Let S be a quantum semigroup and let ω ∈ C 0 (S) * be an idempotent state. We say that ω is of Haar type if there is a compact quantum group K with faithful Haar measure h K and a surjective
Remark 5.2. Let A be a C * -algebra, B a unital C * -algebra and π ∈ Mor(A, B) a surjective morphism. The central carrier p ∈ A * * of π is easily checked to be compact. Assuming that A = C 0 (S), B = C(K) and ω = h K • π K as considered in Definition 5.1 we conclude that p (1) the ideal C ω is two sided,
* -algebra and π ω is a * -homomorphism, (4) (X ω , ∆ ω ) describes a compact quantum group, (5) ω is of Haar type.
Proof. If C ω is a two sided ideal then p ω and hence p (1) implies (2) . Now if p ⊥ ω is central, the operator system X ω is actually a unital C * -algebra and π ω is a * -homomorphism because it is the composition of a * -homomorphism ∆ * * and the map x ⊗ y → xp ⊥ ω ⊗ yp ⊥ ω on C 0 (S) * * ⊗ C 0 (S) * * which is also a * -homomorphism. This means that (2) implies (3).
Assume (3) . Then for x, y ∈ X ω we can choose a, b ∈ C 0 (S) such that x = π ω (a) and y = π ω (b). Moreover we have xy = π ω (ab) and ∆ ω (xy) = (π ω ⊗ π ω ) • ∆ S (ab) = (π ω ⊗ π ω ) • ∆ S (a) (π ω ⊗ π ω ) • ∆ S (b) = (∆ ω • π ω )(a)(∆ ω • π ω )(b) = ∆ ω (x)∆ ω (y), 2 We have e ij ⊗ a ij ∈ ker id ⊗ πω if and only if a i,j ∈ ker πω for all i, j, so a i,j ∈ ker π Y for all i, j which is equivalent to e ij ⊗ a ij ∈ ker id ⊗ π Y , i.e. ker id ⊗ πω ⊂ ker id ⊗ π Y .
so that ∆ ω is a * -homomorphism which is moreover unital. (X ω , ∆ ω ) defines a compact quantum semigroup K by C(K) = X ω , and since π ω is a surjective * -homomorphism intertwining comultiplications, the weak cancellation laws of S carry over to weak cancellation laws for K. Thus by [22, Theorem 3 .2] K is a compact quantum group whose Haar measure is faithful by Theorem 4.6. This shows that (3) implies (4) . (4) and (5) are equivalent by definition of an idempotent state of Haar type and finally if (5) holds then ω = h K • π K , where π K is a * -homomorphism from C 0 (S) onto C(K), where K is a compact quantum group with faithful Haar measure h K . Thus
by faithfulness of h K . Hence C ω is a two sided ideal. Remark 5.5. Suppose that S is a locally compact quantum semigroup with weak cancellation and ω ∈ C 0 (S)
* an idempotent state which is central. We could not prove that in this case p ⊥ ω is compact which then would imply that ω is of Haar type. However if S is a classical semigroup this follows from [21] as explained in Section 1.
Further questions and comments
In what follows we adopt the convention and notation concerning idempotent state ω ∈ C 0 (S) * on a locally compact quantum semigroup S satisfying weak cancellation law. Our study leads to the following questions:
(1) Is p ⊥ ω ∈ C 0 (S) * * compact? (2) Is there an idempotent state ω such that X ω is not a C * -subalgebra of p ⊥ ω C 0 (S) * * p ⊥ ω ? An example of a C * -algebra A and a projection p ∈ A * * such that pAp is not a C * -subalgebra of pA * * p was given in [2, Theorem 4.5]. As was proved in [6, Theorem 3.1], pAp does form a C * -subalgebra of pA * * p if and only if p satisfies so called MSQC-condition: for every self-adjoint h ∈ pAp there exists a self adjoint element a ∈ A such that h = ap = pa.
